This paper presents a strain-based damage model to predict the stress-strain relationship and investigate the damage onset and evolution of the fibre and matrix of a fully bio-resorbable phosphate glass fibre reinforced composite under three-point bending. The flexural properties of the composite are crucial, particularly when it is employed as implant for long bone fracture. In the model, the 3D case of the strain and stress was used and the response of the undamaged material was assumed to be linearly elastic. The onset of damage was indicated by two damage variables for the fibre and matrix, respectively. The damage evolution law was based on the damage variable and the facture energy of the fibre and matrix, individually. A finite element (FE) model was created to implement the constitutive model and conduct numerical tests. An auto-adaptive algorithm is integrated in the FE model to improve the convergence. The FE model was capable of predicting the flexural modulus with around 3% relative error, and the flexural strength within 2% relative error in comparison with the experimental data. The numerical indices showed that the top surface of the sample was the most vulnerable under three-point bending. It was also found that the damage initiated in the fibre, was the primary driver for composite failure under three-point bending.
Introduction
Traditionally, load-bearing metal implants have been used in surgical procedures for bone fixation purposes. However, these implants are commonly associated with the 'stress shielding' effect, which weakens the surrounding bone and increases the risk of re-fracture after the device has been removed [1] [2] [3] [4] . Bio-resorbable implants provide an opportunity to match the properties of bone whilst transferring load to the healing bone more appropriately, along with being easily formed and their degradation products should be tolerated by the human body. There are reports of the application of fully bioresorbable polymers as bone fracture fixation devices such as plates, screws, pins, and rods [4] [5] [6] . However, un-reinforced polymer implants have insufficient stiffness, particularly for load-bearing applications [7, 8] . The ideal replacement for traditional metallic bone fixation devices should have excellent biocompatibility, be fully bio-resorbable and have sufficient mechanical properties to support the bone during the early healing stages, before gradually degrading over time [4, 6, 9, 10] . A composite comprising polylactide (PLA) matrix reinforced with phosphate glass fibre (PGF) has been regarded as a desirable reinforcement because of the mechanical properties it has achieved and it is fully bio-resorbable, releasing calcium and phosphate ions which are ideal for bone repair applications [11, 12] . Considerable effort has been put into investigating the mechanical properties of these materials [4, 9, [13] [14] [15] , particularly the flexural strength [16] [17] [18] , however damage initiation and accumulation in the fibre and matrix under three-point bending has not been investigated before. Therefore, the current paper seeks to develop an effective approach to assess the damage accumulation and resulting reduction in flexural performance of this bio-resorbable glass fibre reinforced polymer composite. Knowledges about the damage onset and evolution of the fibre and matrix extracted from this study are beneficial to the manufacturing of this type of composites, e.g. the selection of the fibre and matrix materials, the improving of manufacturing method, and possible optimization of fibre/matrix configuration. Subsequently, the results of this study are useful for pushing the research of employing bio-resorbable composites as bone fixation device material forward, which, ultimately, is beneficial to patients in the need of using bone fixation devices.
Damage initiation and evolution in the composite can be described using continuum damage mechanics (CDM), as long as the problem size is assumed to be sufficiently larger than the defect/microcrack size, to facilitate homogenisation [19] . Typically, a progressive damage model (PDM) consists of three steps: stress analysis, material properties degradation and failure analysis [20] [21] [22] . The crucial part of a PDM is to appropriately define the damage initiation criterion and evolution law. For unidirectional fibre reinforced composites, early work by Hill [23] was adopted by Tsai [24] to simulate the damage initiation in fibre reinforced composites. Hill's model was only intended for anisotropic ductile metals, and the yield stress in tension and compression were considered to be the same, which is unrealistic for the bioresorbable composites whose compressive and tensile strength are different. Hoffman [25] later proposed a phenomenological fracture condition for orthotropic brittle materials which was capable of simulating the different properties of fibre reinforced composites in both the longitudinal and transverse directions. Hoffman developed Hill's model to consider different tensile and compressive yield stresses. However, both models lacked the capability of simulating the onset and evolution of damage. Matzenmiller et al. [26] proposed a damage model based on Hashin's criterion [27] involving five damage variables to simulate the elastic-brittle nature of the fibre reinforced composites. The tensile and compressive damage was modelled for both fibre and matrix, respectively. The 3D-Hashin and Tsai-Wu failure criteria were adopted to describe the damage initiation of yarns [28] , in which the damage evolution of composites was strongly dependent on the reduction coefficients, which were controlled by the local stress and strain. Zhou et al. [29] and Fang et al. [30] proposed a modified 3D-Hashin failure criterion to model the damage initiation and evolution, and the reduction coefficients introduced by Murakami's theory [31] was adopted which were controlled by the equivalent stresses and equivalent strains. For these Hashin and Tasi-Wu based criterion, at least six different damage mechanisms were included, leading to a large number of equations which resulted in high computational cost. Linde et al. [32] developed a 2D criterion for progressive damage of fibre metal laminates, which was based on a strain-based continuum damage mechanics. Unlike Matzenmiller's model, Linde's model integrated the tensile and compressive damage as two damage variables for the fibre and matrix, respectively, but required the tensile and compressive strength of the fibre and matrix as input parameters. Lu et al. [33] extended the 2D failure criterion to 3D and adopted it to model the tensile properties of 3D braided composites. In both Linde's model and the modified model by Lu et al., the shear strain in the fibre direction was not part of the damage formulation. In the work of Chengyu et al. [34] , a modified 3D model based on Linde's model was proposed to simulate the damage onset and failure for braided composites, in which the shear strain was taken into account and a better prediction was obtained (the relative error between the numerical and experimental results was reduced from 7.74% to 3.18% for the tensile strength and from 1.02% to 0.41% for the tensile modulus, see [33, 34] ).
In this paper, the modified Linde's model in [34] has been adopted to simulate the three-point bending of a bio-resorbable composite. The model is three dimensional and takes into account shear strain in the fibre direction. The bio-resorbable composite modelled in this paper is a unidirectional continuous glass fibre reinforced polymer, which exhibits transversely isotropic properties. The constitutive model has been implemented in an FE environment, and an auto-adaptive algorithm has been integrated to improve convergence. The FE model is capable of capturing the onset and evolution of damage in the fibre and matrix under three-point bending. The numerical modelling in this paper is conducted by using the commercial FE software ABAQUS 6.13.
Experiment description
Three-point bending experiments were conducted on a Bose ElectroForce® Series II 3320 testing machine, following the British Standard (EN ISO 14125:1998+A1) to determine the flexural properties. The dimensions of the samples were manufactured as 40mm×15mm×2mm. During sample testing, the specimens were placed on two round supports with radius of 2mm at a span of 32mm. The load was applied vertically at the centre line of the specimen by a round cross-head loading member with a radius of 5mm. The temperature throughout the test was kept at room temperature (~22º C) to exclude the thermal influence. Displacement/deflection loads were measured via the testing machine, for which the stress and strain were calculated according to the equations below:
where is the flexural stress, is the applied load, is the flexural strain, is the measured vertical displacement, , and ℎ are the span, width, and thickness of the specimen, respectively.
Determination of the material constants
The continuous long fibre-reinforced composite exhibits transverse isotropy [35, 36] . Once the material properties of the fibre and matrix are known, the elastic material properties of the composite can be readily obtained by creating a simple homogenised representative volume element (RVE) [37] . The strength properties of the composite can be approximated by using the Rule of Mixture (ROM) in the longitudinal and transverse directions:
In the above formulae, represents the material properties of the composite, e.g. tensile strength or compressive strength, and the subscript 1 represents the longitudinal direction while 2 represents the transverse direction. Subscripts f and m refer to the fibre and matrix respectively; is the fibre volume ⁄ are the tensile and compressive failure strains in the fibre direction, respectively; , and , are the tensile and compressive strengths of the composite in the fibre direction, respectively; 11 is the stiffness modulus of the composite in the fibre direction; 11 is the strain of the specimen in the fibre direction; 12 = 12 44 ⁄ is the failure strain for shear; 12 is the shear strength and 44 is the shear modulus of the composite.
For the matrix, the damage initiation is governed by the criterion below:   
⁄ are the tensile and compressive failure strains of the composite in the transverse direction, respectively; , and , are the tensile and compressive strengths of the composite in the transverse direction, respectively; 22 is the stiffness of the composite in the transverse direction.
The damage onset in the fibre and matrix are evaluated individually. Once the damage initiates, the degradation of the material properties is assumed to be under control of individual fracture energies, respectively:
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and are damage variables for the fibre and matrix, respectively; represents the characteristic length of the element used in the modelling which is based on the element geometry and to alleviate mesh dependency during material softening [41] , in the current model, the characteristic length at a material point is assumed equal to the square root of the area associated with it; and represent the fracture energy of the fibre and matrix, respectively, which can be determined experimentally from flexural tests [42] . The effective stiffness matrix of the composite is defined as follows: 
The effective stiffness matrix containing the damage parameters is symmetric, therefore a symmetric matrix storage can be adopted to reduce computational cost.
Numerical implementation
The criterion is implemented into a UMAT (user-defined material) subroutine in the commercial FE software ABAQUS to facilitate predicting composite failure under three-point bending. The UMAT subroutine includes three steps:
1. Newton-Raphson method is adopted in the main programme to obtain the local strain and pass the strain information to the UMAT. The UMAT determines whether damage is initiated and updates the stress and Jacobian matrix accordingly; 2. If damage is initiated, the damage variables are updated through a regularization technique and the stiffness is reduced accordingly. Updated stresses and strains, and the effective Jacobian matrix are evaluated; 3. The convergence status is checked in each increment. If convergence is achieved, the analysis advances to the next increment. Otherwise, the current increment size is reduced and the steps repeat until convergence.
At the beginning of each increment, stress, strain and other internal state variables (i.e. damage parameters) from the previous time increment are passed into the UMAT, including the strain increment. If damage is undetected then the damage parameter equals 0; if damage is detected in either the fibre or matrix, the effective stiffness matrix is adopted to update the stress and the Jacobian matrix. The stressstrain relationship after the onset of the damage can be expressed as:
The Jacobian matrix can be obtained by differentiating Equation (10), since damage onset is a function of the fibre and matrix damage variables,
: :
: (11) In order to speed up convergence, a technique based on the viscous Duvaut-Lions regularization is implemented in the UMAT subroutine [43] . Considering the difference in the material properties of the fibre and matrix, two individual viscosity parameters are introduced. The damage variables are 'regularized' by using the following equations:
where and represent the 'regularized' damage variables used in real calculations to update the Jacobian matrix;
and are the viscosity parameters for the matrix and fibre, respectively, controlling the rate at which the regularized damage variable approaches the true damage variables. In order to get the regularized damage variables at the time 0 + Δ , the backward Euler method is used in the UMAT to discretize the above equations as:
The ratio of over and over can be easily obtained from above equations as:
Here the time increment Δ is determined by the auto-adaptive algorithm implemented in the UMAT, which is based on the algorithm in [44] . A trial value of the stress increment ∆ 1 is firstly calculated by (18) where and − 1 represent the current step and the prior step, respectively. A second trial value of the stress increment ∆ 2 is calculated and the average of the two trial values is used to calculate the trial updated stress
The trial updated stress is evaluated by measuring the error indicator as 21 2
If is smaller than the pre-set tolerance error RTOL, the updated stress is accepted, which means the increment size is valid. If the is greater than the threshold, then a smaller sub-increment is determined based on and the sub-increment tolerance, STOL, as 
In the above formulae, is the pseudo increment size ranging from 0 to 1, ∆ is the preset minimum increment size and ∆ 0 is the original increment size adopted in the calculation of the trial stress increment. The auto-adaptive algorithm guarantees that the increment size is constrained by a pre-set accuracy requirement.
For a certain value of Δ , a large value for results in a noticeable gap between the regularized damage variable and the true damage variable, which might cause a delay in the degradation of the Jacobian matrix as shown below:
: : (27) Equation (27) is the final form adopted in the UMAT to update the Jacobian matrix at the end of one increment when either form of damage is initiated. The viscous regularized Jacobian matrix can improve the convergence, however, unrealistic results due to viscous regularization should be avoided. To assess the viscous regularization, the approximate amount of energy associated with viscous regularization is integrated incrementally in the UMAT by updating the variables SCD as follows:
where and 0 represent the effective stiffness matrix calculated using the regularized damage variables and the true damage variable values respectively; Δ is the difference between the energies calculated by and 0 . Δ should be small compared to the other real energies available in the main programme, e.g. the strain energy ALLSE. The whole flow of the numerical implementation, including the automatic control of the incremental step size, is illustrated in Figure 1 . More information about this can be found in [44] . 
Numerical modelling

Material properties and boundary conditions
The constitutive model was adopted to simulate the experimental data of composite with FVF of 20%, 35% and 50%. The tested composites were manufactured by the in-situ polymerization (ISP) method [9] .
The mechanical properties of the composite are primarily determined by the properties of the fibre and matrix, but are also influenced by the manufacturing method, i.e. the quality of the bonding interface. In this paper, the material parameters required in the constitutive model were determined by using the aforementioned homogenization method and ROM. The material properties utilized in the numerical modelling are listed in Table 1 . Despite the absence of some specifications of the fibre and matrix, the mechanical properties of the fibre and matrix can be evaluated from the static properties of the composite through numerical modelling. The fracture energies of the fibre and matrix were estimated to be 12.5 N/m and 1 N/m, respectively [33] . The viscosity parameters for the fibre and matrix were selected as 0.001 and 0.005, respectively [39] . The load was applied at the centre of the specimen vertically downwards, while the specimen was placed on two supports with a span of 32mm. The contact between the supports and the bottom surface was modelled as a "hard contact" and sliding at the contact point was allowed. Throughout the numerical test, displacements in the other two principal directions were constrained. The layout of the model is illustrated in Figure 2 . 
Mesh sensitivity analysis
A suitable mesh size needs to be determined to achieve a balance between computational efficiency and model accuracy. Figure 3 shows the variations in stress-strain curve obtained using different mesh densities. It shows that the initial stiffness is negligibly affected by the mesh density, however there are clear differences between the three mesh densities once failure has initiated. The coarse mesh (4800 elements) does not predict as close result as other two meshes, while the finest mesh (12000 elements) generates quite a close result with the intermediate mesh but requires more computation cost. Upon a balance between the computation efficiency and accuracy, 9600 elements (global size 0.25) was selected for the numerical simulations in the following sections. Figure 3 The variation of the stress-strain relationship of the numerical results with different element numbers, 35% FVF.
Numerical results and discussion
Sensitivity analysis of tensile and compressive strength
In three-point bending, the top surface of the specimen is under compression while the bottom surface is under tension. From experimental studies, the top surface of the specimen suffered the most damage [45] , and thus the compressive strength in the fibre direction is assumed to be significant. On the other hand, the tensile strength in the fibre direction is more important in the bottom surface area. In order to investigate the pattern that the tensile and compressive strength in the fibre direction affect the flexural strength, two groups of numerical experiments were carried out. In these numerical experiments, the tensile and compressive strength in the fibre direction of the composite were varied, while the other material parameters remained the same. The intermediate FVF (35%) was selected as the reference case.
The controlled material properties are listed in Table 2 and Table 3 . Figure 4(a) shows the stress-strain relation of the composite with different compressive strengths in the fibre direction. The failure strain (the strain at which the peak stress occurs) of the composite decreased by 12.6% when the compressive strength in fibre direction decreased by 14.8% from Set-1 to Set-2.There was a further reduction in composite failure strain of 11.0% when the compressive strength in fibre direction decreases by 23.1% between Set-2 and Set-3. The flexural strength also decreased with smaller compressive strength in the fibre direction. The flexural strength of Set-2 was 6.8% smaller than Set-1, and Set-3 was 7.7% smaller than Set-2. The numerical simulations showed that the compressive strength in the fibre direction has a significant influence on both the flexural strength and failure strain of the composite. The sensitivity study of the tensile strength of the composite in fibre direction is presented in Figure 4(b) . It showed that the flexural strength of the composite increased with higher tensile strength in the fibre direction. The flexural strength of the composite increased by 6.01% when the tensile strength of the material increased by 18.75% from Set-3 to Set-2. An increment of 4.88% in the flexural strength was observed when the tensile strength increased by 15.79% from Set-1 to Set-2. The positive trend between the flexural strength and the tensile strength was the same as the compressive strength, however, the tensile strength had negligible influence on the failure strain. There was only 1.36% and 1.38% difference in the failure strain between Set-2 and Set-3, and between Set-2 and Set-1, respectively. The two groups of numerical simulations showed the influence of the tensile and compressive strength in the fibre direction. The compressive strength in the fibre direction affected the performance of the composite more significantly than the tensile strength. The later sections reveal that the top surface of the composite was the most vulnerable under three-point bending, and the damage was initiated from the top surface. The composite properties can be managed according to actual needs, for instance, increasing either the compressive or tensile strength of the composite can improve the flexural strength, whereas increasing the compressive strength can improve the failure strain at the same time. Understanding of how the components influence the overall performance of the composite can, in return, offer guidance to the manufacturing of the composite.
Damage variables of the fibre and matrix
Investigation of the damage onset and evolution in the fibre and matrix is presented in this section. Figure  5 shows the damage variables for the fibre and matrix of the composites with different FVF. The damage initiation and evolution in the middle of the top surface was presented, which was the compressed area. The damage in the fibre initiated ahead of the matrix, however, the gap decreased with increasing FVF. For composite with 20% FVF, the damage in the matrix initiated at the strain about 0.025, whilst it was about 0.020 when the FVF was 35%, and it was about 0.018 when FVF was 50%. Unlike in the matrix, damage in the fibre initiated at nearly the same strain for all three composite about 0.060. Fibre damage evolved more significantly with increasing strain for composites with higher FVF. As shown that when the failure of the sample occurred the damage index of the matrix had not accumulated to 1 while the index of the fibre had reached 1, which indicated that the fibre damage accumulation was the primary driver of the composite flexural failure.
Figure 5
The damage initiation and evolution in the fibre and matrix for composites with different FVF. Figure 6 compares the stress-strain curve obtained from the FE analysis with the experimental data, for composite with 35% FVF. A good agreement between the experimental data and numerical results was achieved, with the relative errors for the flexural modulus, flexural strength and failure strain being less than 3% (see Table 4 ). In the first stage of the experiment, the specimen was in the elastic regime, so the experimental stress-strain relationship was linear. The numerical results also demonstrated the linear stress-strain relation in the first stage and the stiffness was in good agreement (3.0% relative error) with the experimental data. The softening initiation at the end of the elastic regime of the specimen was caused by the damage onset in the specimen, as marked in Figure 6 . The second stage of the stress-strain relationship was from the damage onset to the flexural strength. In this stage, the specimen had not yet failed, but damage accumulation softened the response of the specimen. The remaining curve representing the third stage, which described the mechanical behaviour of the specimen post failure. In Figure 6 , the numerical flexural strength (143.81 MPa) agreed well with the experimental data (146.31 MPa). The agreement of the flexural strength between the numerical results and the experimental data showed the accuracy (relative error 1.71%) of the constitutive model in simulating the flexural strength of the specimen in three-point bending. Moreover, the failure strain in numerical results was 0.0125, which was in excellent agreement (relative error 0.81%) with the experimental data, 0.0124. The adopted constitutive model was capable of capturing the damage initiation and evolution of the fibre and matrix individually, which was important for the purpose of understanding the mechanism of composites failure under three-point bending. Figure 7 (a), (b) show the damage status of the fibre and matrix at the point when damage onset was detected. It can be observed that damage occurred in the fibre first, whilst the matrix remained undamaged. The observation is consistent with the fact that although the matrix is not as stiff as the fibre, it has a higher failure strain before irreversible damage occurs. Figure 7 (c), (d) show the damage initiation in the matrix and the damage accumulation in the fibre at the same time. It can be seen that when damage was initiated in the top surface area of the matrix, the damaged area in the fibre had evolved from the top to the bottom, and the total damaged area had also grown significantly. From Figure 7 , it can be concluded that for the fibre and matrix investigated in this paper, damage in both the fibre and matrix were initiated from the top area of the specimen and then propagated to the bottom of the sample. The failed sample shown in Figure 8 show the damage accumulation in the top surface during the three-point bending, due to the fibre buckling in compression, was more dramatic than the damage accumulation in the bottom, due to fibre fracture in tension. Figure 9 (a) shows a comparison of the numerical results and the experimental data for a specimen with a FVF of 20%. It can be seen that the numerical results agreed well with the experimental data in the elastic region (relative error 1.79%) and the flexural strength was within 1.0% of the experimental data. However, there was relatively poor agreement in the failure strain (relative error 5.84%) and a mismatch in the post-damage region (see Table 5 ). Damage propagation appeared to be more sudden according to the experimental curve, with a dramatic reduction in stress at a strain of 0.014. The numerical data indicated a more progressive reduction in strength beyond the ultimate strength. The SEM in Figure 9 (b) shows that there were many detached fibres after failure occurred. The detached fibres lost the reinforcing ability and, hence, reduced the stiffness of the composite dramatically post failure. The reduction in stiffness was therefore due to debonding rather than fibre fracture. However, for the numerical result, the reduction in stiffness was associated with fibre damage accumulation rather than interfacial failure, which had been overlooked in the current model since a perfect fibre/matrix bond had been assumed. The comparison between the numerical result and experimental data of the composite with FVF of 50% is presented in Figure 10 . The numerical result agreed well (relative error 4.44%) with the experimental data in Stage 1. A good fit (relative error 1.74%) was found in the flexural strength prediction as well (see Table 6 ). However, poor agreement was observed for the failure strain predictions, which were approximately 9% higher than the experimental value. This was because the model parameters (e.g. fracture energy and ) were validated using the 35% fibre volume faction data. It should also be noted that for the experimental data, there was a plateau region following the initial stress reduction after the peak. This 'plastic-like' phenomenon can be attributed to dry fibre bundles, see Figure 10 (b), which were more common to find in composites with high FVF. Once the specimen had failed, these dry bundles could slide more easily at higher applied strains. 
Numerical model validation
Conclusions
In this paper, a constitutive model from the literature based on Linde's criterion was adopted to simulate the stress-strain relationship of a fully bio-resorbable composite under three-point bending. Two viscosity parameters were used to regularize the damage variables, hence to improve the convergence, along with an auto-adaptive algorithm to control the incremental step size. The FE model was capable of outputting the damaged stress-strain relationship of the composite and the damage onset and evolution in the fibre and matrix individually. Comparisons between the numerical results and experimental data indicated that 1. The FE model was capable of predicting the behaviour of the composite under three-point bending. The elastic stage of the stress-strain relation predicted by the FE model was in excellent agreement with the experimental data (less than 4.5% relative error in all cases). 2. The absolute flexural strength of the composite was predicted within 2% for all of the FVF studied (20%, 35% and 50%). The prediction of failure strain was relative poor, within 9% of the experimental values, since the model neglected fibre debonding. 3. The sensitivity analysis revealed that both the tensile and compressive strength in the fibre direction of the composite affects the flexural strength. The fibre compressive strength also affected the composite failure strain, but the fibre tensile strength did not. 4. The investigation on the individual damage onset and evolution in the fibre and matrix showed that both damages were initiated from the top then propagated to the bottom, however, the damage in the fibre was initiated prior to that in the matrix. It was noted that the main driver of the composite failure under three-point bending was the damage accumulation in the fibre. However, the model presented in this paper has defects in predicting the post peak stress-strain relationship for FVF of 20% and 50% comparing with the prediction for FVF of 35%. A more thorough model should be built in the future based on the current one to consider the fibre debonding and the formation of dry fibre bundles, such that to overcome the defects.
